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. p. , Abstract 



Using invariant transformations of the five-dimensional Kaluza- 
Klein (KK) field equations, we find a series of formulae to derive axial 
symmetric stationary exact solutions of the KK theory starting from 
static ones. The procedure presented in this work allows to derive 
new exact solutions up to very simple integrations. Among other re- 
sults, we find exact rotating solutions containing magnetic monopoles, 
dipoles, quadripoles, etc., coupled to scalar and to gravitational mul- 
tipole fields. 

PACS No. 04.20.-q, 04.20.Fy 
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1 Introduction 



In recent years, dilaton fields have been proposed as a strong candidate for 
describing dark matter. At a cosmological level it has been used to explain the 
Large Scale Structure of the Universe At a galactic level, scalar fields 

seem to play a crucial role in explaining the curves of rotational velocities vs. 
radius, observed in all the galaxies 00, and it is thought that it will also 
play an important role in several physical phenomena at a local level ||^[^], 
i.e., in the realm of compact objects. 

From a theoretical point of view, dilaton fields coupled to Einstein-Maxwell 
fields, naturally appear in the low energy limit of string theory, and as a re- 
sult of a dimensional reduction of the Kaluza-Klein Lagrangian. Therefore, 
the study of the Einstein-Maxwell-Dilaton theory is of importance to inves- 
tigate the properties of compact objects involving these fields and for the 
understanding of more general theories. 

On the other hand, if the scalar fields are so important in physics, why 
they have not been yet detected? As we just mentioned, in several mod- 
els they play an important role, but due to the fact that they interact very 
weakly with matter [|, 0], in most of the observational tests the results at 
most just can not exclude them. It is expected that the scalar fields will 
have an important measurable signature of their presence in regions with 
strong gravitational fields Thus, it is necessary to have exact analyti- 
cal solutions to the Einstein-Maxwell-Dilaton theory, not only perturbative 
solutions, and then compare with the observations the predictions made us- 
ing those exact solutions. The problem with this approach, is that the field 
equations are very complicated to be solved exactly and one must recur to 
mathematical methods which usually prove to be very cumbersome. In this 
work we want to give some simple formulas which allow us to derive exact 
rotating dilatons solutions, starting from static ones, and which avoids many 
of the mathematical difficulties usually encountered in deriving exact solu- 
tions from seed ones. In this work we derive three expressions which can be 
used to genereate families of solutions, starting from known seed ones. Out 
of these expressions, ony one has been previously obtained in reference @ 

In order to do so, let us start from the Lagrangian 

C = ^[-R + 2{V(j)y + e-^'"f'F^] (1) 
This Lagrangian contains very interesting limits. For = 3 Lagrangian (|^) 
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contains the Kaluza-Klein theory; for = 1, equation (|I]) represents the 
effective Lagrangian for the low energy hmit of super-strings theory; finally, 
equation (|I]) contains the Einstein-Maxwell theory with a minimally couple 
scalar field for cP' = 0. This Lagrangian is also very convenient because 
after a conformal transformation of the metric, one can obtain a equivalent 
Lagrangian for an almost arbitrary scalar-tensor theory of gravity 0(with 
a non trivial electromagnetic-scalar interaction which can be avoided setting 
= 0). The field equations derived from Lagrangian ([l|) are give by 

a 

'(t>+ - 

-2"*(F^,F/-^(7^.e-2"<^F2). (2) 

There exist several exact solutions of equations (H) (see reference [|10| 
for solutions with = 3 and for their generalization to a arbitrary). 





= 0; 




= 0; 




= 2V 



Some of them could be models for the exterior space-time of an astrophysical 
compact object [|12], |^ or of a black hole with a scalar field interaction |]13|, 



|T^, ^ . Let us give two examples of such metrics. The first space-time we 
deal with behaves gravitationally like the Schwarzschild solution for a 7^ 



and contains an arbitrary magnetic field. This metric reads ITO 



ds^ = e^ksg,_^ ^ g7 r'^e'^^dO' + sin^ 9 dip'') - df 
Ao3,. = QpT, , Aos,^ = -QpT^ , e-^"'^° = ^ (3) 



where a subindex stands for a seed solution and 

sin^ 9 



aiT + 1, and e^^" = I 1 + 



2m\ 



In this work we use the coordinates z = p + i C, = \/r'^ — 2mr sin 9 + 
i {r — m) cos9. Aq = AQ^^dx^, (with /i = 1...4), is the electromagnetic four 
potential, m the mass parameter, 7 = 2/(1 + a^), /3 = 2q;^/(1 -|- a^); Q and 
ai are constants related by 

27a? - kfQ'^ = 



3 



Solution d^) can be interpreted as a magnetized Schwarzschild solution in 
dilaton gravity for a ^ 0. For a = the construction of dipoles is different 
and the form of the metric is not similar to the Schwarzschild solution any 
more [|12[. In what follows, we will assume a 7^ 0. The function r = t{p,() 
is a harmonic parameter in a two dimensional flat space, i.e., it is a solution 
of the Laplace equation 



1 



1 



0. 



(4) 



2p^ P 

This metric represents the exterior field of a gravitational object with an 
arbitrary magnetic field coupled to a scalar field. The metric is singular for 
r = 2m and for an interior radius determined by the magnetic field. For 
a pulsar with magnetic and scalar fields in the region where r > 2m, this 
metric could be an static model of an astrophysical object with magnetic and 
scalar fields, metric (Bl) is always regular in that region. 



The second metric we will deal with is given by 



where 



1 

Jo 



(dp^ + dC) + p^d^^] - fodt 



(5) 



/o 

-2a(f>o 



2A, 



04 



a' 



^0 



K^(aiSi + 02X2 
asSi + 04^2 
aiSi + 02112' 



)/3gA-ror 



(6) 



where Oi, ki, and tq are constants and 7 are again functions of a defined 
as 7 = 2/(1 + a^), (3 = 2a^/{l + a^); r = r(p,C) and A = A(p,C) are 
harmonic functions which satisfy again the Laplace equation (observe that 
we have defined a new parameter A with respect to the one defined in ||1 1|| ) . 
Si and S2 are functions given in terms of r and the equation (^ contains 
two subclasses determined by the functions Si and S2. For the first subclass 
we have tq = and 

Si = r S2 = l (7) 
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with the relation between the constants 



4ai^ — kI{1 + a^)(aia4 — a2Ct3)^ = 0. (8) 

For the second subclass we have 

El = e«i" E2 = e'^^\ (9) 

where qi, q2 are constants and tq satisfy the relation tq = qi+q2', the condition 
for the constants in this case is given by: 

Aaia2 + ^1^(1 + a;^)(aia4 — a2a^Y — 0- (10) 
One of he most interesting solution contained in this class is the Gibbons- 



Maeda [^] black-hole 



ds" = g<^^ + g'' r^e^'^^de'' + sin^ 9 d^') - dt' (11) 



where 



2a-' 



g2a</,0 = (1 + — 

r 

1 + ^ 

r 

r_ — r+ = —2m 

(we have used r — > r + r_ from the original solution). This metric could 
represent a static charged black hole containing a scalar field 0o (for a study 
of this metric see [0, 0). Observe that in both metrics (^ and (pA|), 
the space-time is qualitatively different only for a = 0, but for a 7^ the 
qualitative behavior is very similar for any a and many of the main features 
of the metrics can be obtained for a specific a. 

On the other hand, real astrophysical objects rotate. For an object like 
a pulsar, taking into account the rotation is very important in order to un- 
derstand its space-time configuration. Therefore, if we want to model an 
astrophysical object with scalar field, we must find the corresponding rotat- 
ing metrics of (^ and (|Tl]) to obtain the solution which we want to use for 
modeling them. 
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Using the potential space formalism for 5D gravity introduced by Neuge- 
bauer [16|, we were able to find a set of formulas valid for = 3 in order to 
obtain rotating exact solutions from a static one, and without making any 
complicated integration. We will introduce this formalism in section two. 

In section three we start from the axial-symmetric stationary field equa- 
tions derived from equation (|l]) for the specific case = 3. Using the 
formalism mentioned above, we will derive new solutions in section four, and 
finally show that the Kerr space-time, the Gibbons-Maeda |]15|, the Frolov- 
Zelnikov and also their NUT generalizations are special cases of one of 
these new solutions. 



2 The Potential-Space Formalism 

For = 3 the field equations can be derived from a five- dimensional space- 
time action. We will deal with a five-dimensional space-time possessing a 
Killing vector field X with close orbits. We will work with stationary space- 
times, this symmetry implies the existence of a second Killing vector field 
Y with close orbits as well. Thus, we start with a five- dimensional space- 
times possessing two commuting Killing vectors fields; a space-like one X, 
representing the inner symmetry and a time-like one Y, representing station- 
arity. The potential formalism consists in defining covariantly five potentials 
in terms of the Killing vectors X and Y. The five potentials are given by |]16| 



/2 = k^/3 = XaX^; f = -IYaY^ + T^X^YaY 
i) = -I-^XaY^- e,A = eABCDEX''Y^X''-^'' 



X. 



a 



-eABCDEX^'Y^X^-^^ (12) 



(A, S,.. = 1...5), where /, e, and k respectively are the gravitational, 
rotational, electrostatic, magnetostatic and scalar potentials; ^abcde is the 
five-dimensional Levi-Civita pseudo-tensor, X = X^d/dx^ = d/dx^, and 
Y = Y^d/dx^ = d/dt. We will work with spaces possessing axial symmetry 
as well, which is a realistic assumption for a star. Thus for the axial symmet- 
ric stationary case we have another Killing vector Z = Z^d/dx^ = d/d(p, 
representing this symmetry. The field equations (0) in terms of the five po- 
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tentials = (/, e, ip, x, i^) read [|T8|, [TT 



. P f 



'bp 2bK bf\ 

. p >^ f ) 
[bp 2bK bf 



b^ + ^-^m^-\bx') = 0, 

4/ 



Dtp 



1 



K 



{bt-i,bx)bx = 0, 



p 



K 



f 



Dx + j{Dt-i,Dx)Di, = 0, 



bf + j{De~^ljbxf-^ 



2 / 1 
2 



0, 



D\-D^Dx-^D^X 



'Dp 2Dr 

.P f . 



(be-^bx) 



where D is the differential operator D = {dp,d(^). The field equations (|T^) 
can be derived from the Lagrangian |jl6|, |12|, |l^ 



2p 



(14) 

with i = (p, C)- The next step is to look for the invariant transformations 



of Lagrangian (p^ , which were found in |19|. The invariance group of the 
Lagrangian ( |T^ ) is S'L(3,1R). We can write these transformations in a very 
simple form as 

h ChoC^, (15) 

where h and C are elements of SL{3, IR). One parameterization of matrix h 
is given by |T8|, |12 



^TTTT -e 1 Y 



X 

-ex + fK,^ip X X^-K.^f 



(16) 



In terms of matrix /;,, it is possible to write down the field equations (|T3p in 
a non-linear cr-model form 



(17) 
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Thus, we can define an abstract Riemannian space using the standard metric 
of the group defined by 



-tr{dhdh-^) 



P rj ^2 , / r / r ^2^ P« 



[df'+ide-^pdxY]- 



This Riemannian space defines a five-dimensional symmetric space (the co- 
variant derivative of the Riemannian tensor vanishes) , with a isometry group 
5L(3,R). 

In what follows we will write explicitly the potentials in terms of the 
metric components. In order to do so, we recall that the five-dimensional 
space-time metric in terms of the four-dimensional one and the electromag- 
netic and scalar fields reads 

ds^^ = Qi^^dx^dx'' + {A^dx" + dx^) {A^dx'' + dx^), (19) 

where g^^; ix^u — 1,...,4 are the 4-dimensional metric components of the 
five-dimensional space-time, I is the scalar potential and A^ is the electro- 
magnetic four potential. For the axial symmetric stationary case /, A^ and 
g^y depend only on p and C,. The five-dimensional metric and its inverse can 
be written as 

■g^, + PA^A, PA 



Qab = 



PA. 



9^' 
A-' 



(20) 
(21) 



A^ + r\ 

Due to the symmetries we are working with, its is convenient to write the 
four-dimensional metric in the Papapetrou parameterization 



ds4^ = g^^udx^'dx" = -{e^^dzdz + p^dtp^) - f{ujd(p + dtf 



[22) 



In terms of this parameterization, and recalling that ds^ — g^sdx^dx^ 
jds^ -\- P{A^dx^ + dx^^y, the metric coefficients ciab can be written as 



/ ^ 



9AB = 



21 








]_„2fc 
21 

















If / +^ ^3 

PAsA^ 

3 



hi 
I 



PA, 






^ + PAsA, 
-i + PA,' 
PA4 



\ 






PA 
PA 



I' J 



(23) 
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Using the expressions for the metric given in equation (p2D, it is straight- 
forward to calculate the gravitational, electrostatic and scalar potentials. 
Recalling that the Killing vectors components and satisfy the rela- 
tions = and = 6^4, one finds that Y^Ya = ^44; and X^Ya = hi- 
Now, substituting these relations into the definition for / = — /5'44 + /~^(^54)^ 
and using the relations (p3D we obtain 



/ = -IQa, (24) 
In similar way one obtains for the electrostatic and the scalar potentials: 
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«^ = ^55 = /^ 

V' = -A4. (25) 

For the magnetostatic and rotational potentials the corresponding expres- 
sions can be reduced to 

X,M = -(^54jSf.9^^9'''^95e,T- (26) 
Using now the relations (PO]), and (|I^) in (PB]), we find: 

P 

p 

e,2 = —[{9u9ii,z - 9iA9M,z)] + i^Xz, 
P 

P 

P 

X,z = - — {92.aAa,z- 9aaM,z)- 

The potentials are written in terms of (734 and g^^ components of the four- 
dimensional metric tensor as well as of the ^3 and A4 components of the 
electromagnetic four potential. From (|26|) and (|23| ) we arrive at the final 
expressions 

M,z = —r^x,z + —r^,z 
ji^ J 
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ji^ J 

In the following sections we will use these expressions for obtaining exact 
solutions of the field equations. 



3 Calculations and Solutions 

In this section we will apply the previous results for finding exact solutions of 
the field equations. Let us consider /o, /q, V'o, •••5 etc. as seed solutions, i.e., 
as components of the matrix ho in (|l^). We proceed as follows. First, using 
the inverse matrix h~^, and the 5*17(3,11,) invariance of the field equations, 
from ( p!5D we obtain the h components in terms of the potentials. Finally, 
using a particular matrix C in (|15D we integrate the new potentials in 
general for this particular cases. 
The inverse matrix of flTB) reads 



^2/3 1 e-xV" '0 \ 

e - + (e - Xi^f - fx^i^~^ i^'^fx + ^(e - X^) 



/ 



V Xfi^ ^ + ^(e-X0) -K V + ) 

(28) 

Then, we can write the potentials in terms of the components of matrices 
h and h^^ 

4 hii~^ 2 1 ^23 

"-22 rt-ii 1122 1^22 

^ = T^; 6 = --^ (29) 

ftll '^22 



where we have used the notation hij~^ = {h~^)ij. Using expressions ( PD| ) we 
can straightforwardly calculate the potentials from the h components. 
We will take each case separately. 
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3.1 Case V = (/o, 0, V^o, 0, «:o) 

In this case we start from a solution with electrostatic, scalar and gravita- 
tional potentials, for this case matrix reads 



ho 



1 



The inverse matrix is given by 

2/3 



1 







(30) 



/o 







n 



(31) 



Now we take the invariance equation h = ChC^ taking the constant matrix 
C arbitrary as 



(32) 



and its inverse as 



1 




b 




c = 


d 


e 


;) 


\ 




h 






(q 


P 


t 


c-' = 


u 


V 


w 






y 


z 



(33) 



Substituting it into (|2^) we arrive at 



4 



X 



u 

V 

r 2 S. 

Jo 3 
UV 

idfo^ - {id - ij)/o«o^^o^ + {dk^jQ - kj)fQKo^ + eh 



KQ^l-tq - (ts + zq)i)Q - wufo^ - sz^^q^] + szfo 



U 



fo[dafo + kq^^o {dc - da) + KQ^jjaipo - jc)] + be 



(34) 
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with U = Ko'^{q^+2qsipo+u^fo'^+s^i;o^)-s^fo and V = Ko^[dfo'^-Ko'^{foipo'^- 
'^djfo'ipo + j^fo) + e^]. In order to perform a total integration of the metric 
components, we take the matrix C as 

/I \ 
C = V -w\ (35) 
\0 ~w V J 



with inverse 



C 



-1 




(36) 



Then equations (^3]) reduce to the simple expressions 



4 



4 



^2 - W^KoVo 



X 



- w^KoVo 

^W(l - /p/tQ^) 



(37) 



keeping in mind that matrix C fulfills the condition det C = 1, i.e. v"^ 



■ w 



1, from equations 



we obtain the following relation: 

e,i - ipx,i ^i"^o^^o,/ 



P fo 

with I = z,z. Then, from these last expressions 
of equations (0), using equation (|37D, we have that 



(38) 

and from the last pair 



'93 J' 
. f , 



fo 



fo 



(39) 



We start using the solution (|^) and (^, with 
substituting it into equations ( pTf ) to obtain 

2A 



3 as seed solution and 



a2 e 



2X\ 



12 



_ vw{l - ki^{aiT + a2)e^^) 

ip = V 

aiT + a2 

wki^{a-iT + 04) 

= .„'/3 (40) 

and substituting this seed solution (|^) and (0) together with the restriction 
(H) into expressions (|3^) , we arrive at: 



(^y") ^ -waikipr^^; {^^J-^ = waikipr^. (41) 

The integrabiUty of the right hand side of expression ( ^T]) is guaranteed 
because r is harmonic and fulfills the Laplace equation (^). The explicitly 
form of the function (734 depends on r. In |20[|^ is presented a list of 
expressions of the rhs of (|39| ) for different r. In terms of g^^ and the solution 
given in (^D|), we can write the final metric ( jTP| ) as 



2 



4A 



with 



"Ss = — ^ 02:02;+ p e mi 2 2A — 4 dip +2g^id'^dt 

2A 

- + Kim\e-^{A^d^ - t; "^^ ^ "' c^t + dx^f (42) 

Kiirrii f^i 

2A 

^3,. = ^ (In 5) + (;34r , (43) 

WKi^e 3 Kami 

and B = v"^ — w^e^^Kirrii, mi = air + 02- That is, for a given r, we are able 
to obtain a rotating exact solution, with scalar, magnetic and gravitational 
fields using formulas ( pOf ) and (^). 

For the second subclass we use the solution (^ with (|T^) with = 3 
into (^) to obtain 

2A 

(aie^i^ + 02692^) (f 2 - ti)2fci^(aie9i^ + a2e92^)e2^+^or) 
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1 - h'^iaie'^'^ + a2e''2^)e2^+^o^ 

Y = — VW 

W = V 

t;2 - w'^ki^^aiei^'^ + a2e92^)e2^+^<'^ 
^4/3 ^ ^^^4/3 (aie"-- + a2e92.)e^/3(^+-°-) 

In this case, relations ( PPD with the seed solution (^) with (|TUp and the 
constraints among the constant, equation(|]), give us 

( - ^(gi ~ g2)Qi^i 



. f / ,z ^^1^2 

' 5'34/ \ ^ - g2)Qi^i 



P^,^- (45) 



As in the last case, we can now obtain the line element in terms of the 
function gs4^, which can be integrated from these last pair of equations once 
a r is given. The metric then reads 



2 2 

g2f+2(gi+g2)r gt+(gi+q2)T 

-d{p'^ + 2g^idipdt — 3 — dt^ 



g3+(gi+92)-r 



4 2'-"-' 2 



+fi;i3mie-(A3rf¥?- w-^ dt + dx^f. (46) 

mi 

The function ^3 again depends on the harmonic function r as 

A P n m , mi(gi-g2)et+^(9^+g2)r 
^3,^ = — r^(ln5),^ + 1 ^34r^ (47) 



where B = v"^ — uj'^e'^^'^'^'^'^'^'^'^^'^ kittii and mi = aie'^^'^ + a2e''^'^. With solu- 
tions (|4^) and (146|) we are now able to obtain rotating exact solutions which 
represent rotating monopoles, dipoles, etc. coupled to a dilaton field. 
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3.2 Case V = (/o, 0, 0, xo, /^o: 



We start from a static solution with magnetostatic, scalar and gravitational 
potentials. In this case, the matrix is 



ho 



1 



2/3 e 
I^Q Jo 



(fi 

1 Xo 



(48) 



with inverse 



2/3 



fo 



/I 

/o + Xo'^o Vo + /o /oXo^^o' 



(49) 



and 



\0 foXof^o -foi^o' 

Using the invariance equation (ITH) and substituting expressions 
into the set given by equation (|29D , with the matrix C given by equation (|3 
we obtain: 

1 B 



4 
K3 



X 



2/3^ 



2„. 2 



/o ^0 



v4 
1 

5 



{difo"^ + e{h + /cxo) + j(^Xo + ^(xo^ - /o/^o^))} 



{gtKo + Mw(-Xo /o + /o ) + Xofoisw + uz) - szfo} 
^{ad/o^ + be + xo{bj + ce) + cj(xo^ - i^o^fo)} 



(50) 



with A = rfVo' + e(e + 2jxo) + j'(Xo' - f^ofo) and 5 = q'^kq^ + u^{f o^o^ - 
foXo^) + s/o(2mxo - s). 

Next, we take for the matrix C the following particular form: 



C 




and its inverse 



C 



-1 




(51) 



(52) 
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thus — = 1. With this particular form of C, the potentials reduce to 
the following expressions: 



4 



J _ fo 

X = QXo 



sq{l - /p/tp' ^^ 

Using the first differential equation of expressions (pTf) for As in terms of the 
seed potentials, (for this case ep = ■j/'p = 0), we have that 

^03, z = —7^X0,^ 
Jo-'p 

^03,f = -fnXo-z- (54) 
Jo-'p 

On the other hand, from the potentials given in (pBD, recalling that = /p^, 
we obtain that in this case: 

e, z - i'X,z _ s 

T2 -JT^ ^ > 

I Jo-'o 

Thus, using the last differential equation from ( pTj ) we find that 

1 / s 



p\gMj^, foil 
From equation ( [5^ ) and this last one, we obtain that 



Xo,z- (56) 



,944 

which implies that (up to a constant 

f 934\ 



— =sAos,., (57) 



= sAo3, (58) 
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that is 



5-34 = 944SA 



03 



^ A 



(59) 



i.e., for this case we do not need to perform any extra integration for gen- 
erating a new rotating solution starting from the seed one. In this way, we 
finally obtain the following expression for the target metric 



dsl 



1 1 e''° 
-{T2—dzdz + 
I Jo 



+1' 



' qA 



03 



T 



dip 



h 

qs{l - foKQ-^ 



d^p"^ difdt — -^dt^} 



■dt + dx^ 



(60) 



where T = - sVo/^o , ^3 = qAos/iq^ - sVo/^o ) and = qs{l - 
s"^ fo'^o'^) / il'^ — s"^ foi^o"^) ■ Thus, we have generated again a new exact solution 
to the Einstein-Maxwell-dilaton theory, for = 3, in which all the fields are 
non trivially involved. 



3.3 case = (/o, eo, 0, 0, kq) 

This case was studied in we presented it here somewhat more detailed in 
order to have all the cases together. In this case we take as initial solution 
one without electrostatic and magnetostatic fields. The matrix ho is 



ho 



K^^fo 



-eo 

V 



-eo 
1 







-to^^/o. 



(61) 



and its inverse is 



ho~ 



,2/3 



/ 1 



fo 



eo 





(62) 



In a similar way as in the other cases presented in this work, we take the 
equations relating the components of the matrices given in equations (0) 
and (^), and using (|32| ) and ( p3D in the invariance equation (|15]), we arrive 

at 



4 

K3 



u 

Ko^V 
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f 

X 



uv 

idfo^ + eo{ideo — ie — hd) + he — jkKo/o 

K,o'^[tq + wufo^ + eo{uweo + tu + qw)] - szfo 

U 

foidafo — cJkq) + eo{adeo — hd — ae) + be 
V 



where U = Ko{q^ + 2queo + {uhf + {ueof) - s^fo, and V = {dfof + {de^f - 
2deeo + — {jno)^fo- In order to integrate the metric, it is again necessary 
to consider a simpler matrix C. We take 



C 




and its inverse 



then, recalhng that again q 







fq s\ 


c- 


1 _ 


10, 
Is qj 


2 _ 


s^ = 


1, the potentials read 


4 




4 














X 




seo 






sq[l - Vo] 
B 


e 







(63) 



(64) 



where B = q^ — s^Kq^/o- Integrating equation 
expression (p5|), we obtain: 



(65) 

and substituting in it 



(66) 



1 / gul\ _q( 9mJo \ 

which implies that the expression ^ (^^) remains invariant (up to a con 
stant) for the seed solution and the generated one, i.e. 
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5-34 = -g5'034- (67) 

Similarly we find that 

^3 = (68) 

i.e., again, for this case we do not need to perform any extra integration for 
generating a new rotating solution starting from the seed one. Substituting 
the solution into the Papapetrou metric (|IUp we arrive at 



1 

Wo 



dsr,"^ = ——e^^dzdz - B 



, ^034^/o ( , q^^ 

90-ss + ( 1 - :b 



dip^ + 2—go3id(fdt 



Bio \ 4B B 

Here we must start from a static exact solution coupled to a scalar field. 
If there are no extra fields besides the scalar one, the Einstein equations 
decouple from the scalar one which satisfy a harmonic equation. The field 
equation for the scalar field can be integrated independently from the Einstein 
equations. As an exact solution for the scalar field equation we take the 
function kq = [{r — m + a)/ {r — m — a)]^ . For the Einstein equations we 
take as seed metric the Kerr-NUT space-time, i.e. as seed solution we have 

fr-m + a\^ 2iujL+-lr) ^ u-2mr~2lL+ , . 

«o = ; eo = ; /o = , (69) 

\r — m — a J oj oj 

with 

= a cos 6^ + /; L_ = acos9 — l; u = r'^ + {acosO + (70) 



where r and 6 are the Boyer-Lindsquit coordinates, p = y/r'^ + 2mr + a"^ — P sin 6 
and ( = {r — m) cos 9; a, m and I respectively are the rotation, mass and 
NUT parameters, a, and 5 are integration constants. The resulting target 
solution is an exact axial symmetric stationary solution of gravity, with 
electromagnetic and scalar fields. It reads 

26 

ds5^ = — - - 2mr + L+L_ e''^^ 

00 — 2mr — 2LL, \r — m — a J 
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1 — 

^1 / r-m + a \ a _ _ 2;^^)^^2 

D \r — m — a J 

-{4qa{mr + I) sin^ 6 - 41 cos6'A)^5 — — — ^dtd(f 



2mr + 



+ 



UJ 



LU — 2mr — 21L. 



-A sin^ eO 



r — m + a 
r — m — a 
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—q^{u} — 2mr — 21L. 



'2asm^e{mr + I) + 2/008^' 
— 2mr + La.L_ 



— 



r — m — a 



LU 



(71) 



where 

A3 = 



r -m + cr\2'5 / 2a{mr + I) sin^ 6^ + 2/Acos6'\ to - 2mr + 21L^ 



r — m — a 



A, 



— 2mr + L^L_ J 
'n^iB+^ys -{u- 2mr + 21L. 



-qs- 



D 



D 



(72) 
(73) 



D 
A 



r — m + a\ 
-J 
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UJ q 

,r — m — a , 

2 n I 2 ;2 

r — 2mr + a —I 



s^iuj - 2mr + 21L, 



p2 + (( - mf + ^p^ + (C + mf f - Aw? 



3" 



(74) 



Exact solution ( [71] ) was first obtained in |]^ (see also |2^) and contains a 
great amount of well-known solutions of gravity. We will list three of the 
most important ones. In order to do so, we start setting 5 = Z = in ([7l|) , 
obtaining for the 4-dim space-time (see 0) 



ds] = —^dr^ + VDiude^ 7= — dt^ - — — 7= dtd(p 



A 



sin^^ 



v^(A -a2 sin^e) 



[A{Du) - Aq^aVr'^ sin^ Q\d^^ 



(75) 
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where D = ujq^ — s'^{uj — 2mr); A = — 2mr + a^; = + a? cos^ 6'. For 
the scalar field the solution reduces to 



K3 = - ( 1 - 



2mr 



+ cos^ 6' 



The following known solutions are contained as particular cases of the 
generated target solution whose dsl part is given by equation (^): 
Frolov-Zelnikov Solution 

This solution is a charged rotating black hole, obtained by Frolov and 
Zelnikov in 1987 [1^. The dsl part of the metric is given by 

as^ = —2a sin 9 . =—dtdLp 



+ 



B(r^ + a'') + a''sin^e- 

B 



sin^ dd^"^ + B^dr"^ + BY.dO'^ , 

where B = ^ {1 — v'^ + v'^z) /(I — f z = 2mr/S, and A = + — 2mr. 
Comparing it with equation ( p.3|) , we find that this solution corresponds to 
5 = / = 0, a^O;S = cj, L) = B^uj and g = 1/ (1 - t;^). 
Gibbons-Maeda-Horner-Horowitz Solution 

This solution describes a dilatonic static charged black hole. If we set 
a = in ( |75D we get the metric 

dsl = ^dr^ - jdt^ + r^fD{de^ + sin^ Od^^) (76) 



where u = r"^; D = ujq^ — s^(r^ — 2mr); A = — 2mr; A = V Duj. Metric 
(|76D can be rewritten as 

ds^ = jdr^ - fdt^ + rVDdQ'^ (77) 



where 



2m 

f = I (78) 

Iq2 „2 1-2^ ^ ^ 



With the restriction — = 1, the function / transform into 



/ = ; (79) 

^1 + ^ ' 
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If we set r+ — r_ = 2m; r_ = 2ms^; r+ = 2m(l — s^) we get / = (1 + 
(r_ — rj^)/r)/^l + r-/r] r\fD = B? = r'^\J'\- + r^/r which corresponds just 
to the Gibbons-Maeda-Horner-Horowitz solution |jl5| fl^. The charge and 
the mass parameters can be written as Q = ms^/l — s^; M = m — |ms. 
From the case s = we find the Schwarzschild solution {Q = and M = m). 

Finally, we want to stress the fact that with the procedure of solution 
generation presented in this work, the seed solution is also included within 
the target solution as a particular case, thus we have: 

Kerr solution 

To recover the Kerr solution setting (5 = / = 0;s = 0,g = l and a 7^ in 
(HH), we get 



'A - •svY^B^ 



dt'- 



2asin2^(r2 + a2 - A) 



dtdip + 



sm 



+ -^dr + ujdif 



with A = — 2mr + and uj = r"^ + cos^ 9. 
NUT parameter 

We can also obtain the NUT solution |^ taking a = 0, 5 = and / 7^ 



dsl 



A 



:dt' 



A = — 2mr — P where / and m respectively are the NUT parameter and 
the mass. 



4 Conclusions 

In this work we have given a series of formulae to obtain rotating exact so- 
lutions of the Einstein-Maxwell-Dilaton field equations generated from seed 
static ones. The examples we gave for the application of these formulae, con- 
sist on start from a seed solutions in terms of harmonic maps, i.e., in terms 
of two functions which fulfill the Laplace equation. The static seed solutions 
represent gravitational fields coupled to a scalar field and to a magnetostatic 
(electrostatic) monopoles, dipoles, quadrupoles, etc. The new solutions gen- 
erated using our formulae represent the rotating version of the seed ones. The 
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new solutions contain induced electric (magnetic) fields generated by the ro- 
tation of the body. Some of the seed solutions model the exterior field of a 
pulsar containing a scalar field in the slow rotation limit. The scalar fields 
could be fundamental or generated by spontaneous scalarization 0. The 
new rotating version of the solution generated using our formulae are in this 
sense more realistic and could represent the exterior field of a pulsar with fast 
rotation. We suggest that this solutions could be used as theoretical mod- 
els for testing the strong gravitational regime of the Einstein theory or the 
most important generalizations of general relativity near a pulsar containing 
a scalar field. Because of the presence of the electromagnetic field, our solu- 
tions could give also a light to the understanding of such strong effects like 
the origin of jets and maybe of the origin of the QPOs, where approximated 
and numerical methods could be not completely trustable. 
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